The Higgs model for anyons and Liouville action: Chaotic spectrum,
  energy gap and exclusion principle by Matone, M.
ar
X
iv
:h
ep
-th
/9
40
30
79
v1
  1
5 
M
ar
 1
99
4
DFPD/93/TH/69
hept-th/9403079
THE HIGGS MODEL FOR ANYONS AND LIOUVILLE ACTION:
CHAOTIC SPECTRUM, ENERGY GAP AND EXCLUSION PRINCIPLE¶
Marco Matone
∗
Department of Physics “G. Galilei” - Istituto Nazionale di Fisica Nucleare
University of Padova
Via Marzolo, 8 - 35131 Padova, Italy
ABSTRACT
Geodesic completness and self-adjointness imply that the Hamiltonian for anyons is the
Laplacian with respect to the Weil-Petersson metric. This metric is complete on the Deligne-
Mumford compactification of moduli (configuration) space. The structure of this compact-
ification fixes the possible anyon configurations. This allows us to identify anyons with
singularities (elliptic points with ramification q−1) in the Poincare´ metric implying that
anyon spectrum is chaotic for n ≥ 3. Furthermore, the bound on the holomorphic sectional
curvature of moduli spaces implies a gap in the energy spectrum. For q = 0 (punctures)
anyons are infinitely separated in the Poincare´ metric (hard-core). This indicates that the
exclusion principle has a geometrical intepretation. Finally we give the differential equation
satisfied by the generating function for volumes of the configuration space of anyons.
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1. Let us begin with the following remark
a. The configuration space of n anyons is the space of n unordered points in Ĉ = C∪{∞}
Mn = (Ĉ
n\∆n)/Symm(n),
with ∆n the diagonal subset where two or more punctures coincide.
b. The Liouville action on the Riemann sphere with n-punctures evaluated on the classical
solution is the Ka¨hler potential for the natural metric (the Weil-Petersson metric) on1
Mn = (Ĉ
n\∆n)/Symm(n)× PSL(2,C).
This remark implies that starting from anyons on Ĉ one can recover the two-form associ-
ated to the natural metric on the configuration space by first computing the Poincare´ metric
eϕ on the punctured sphere and then, after evaluating the Liouville action for φ = ϕ, com-
puting the curvature two-form of the Hermitian line bundle on Mn defined by the classical
action (see below).
To understand the physical relevance of this remark we notice that the quantum Hamil-
tonian for n anyons is proportional to the covariant Laplacian on Mn. In the case of anyons
on the thrice punctured Riemann sphere we have
H = −
1
2m
∆WP , (1)
where ∆WP is the Weil-Petersson Laplacian.
A crucial point is the physical requirement of self-adjointness of the Hamiltonian. In our
approach this requirement is satisfied by considering the Hamiltonian defined onMn where
∂Mn = Mn\Mn denotes the Deligne-Mumford compactification of Mn. In particular we
recall that the Weil-Petersson metric defines a Hermitian inner product and has a completion
to the boundary ∂Mn. Thus (1) describes a well-defined physical problem. In particular the
structure of the Deligne-Mumford compactification fixes possible anyon-configurations. We
notice that in the degeneration limit punctures never collide (hard-core). This is a conse-
quence of the requirement of stability. On the other hand this can be seen as a consequence
of the fact that the Liouville equation has delta-singularities at the punctures (hard-core).
1The PSL(2,C) group reflects the Mo¨bius symmetry of the Riemann sphere. Thus one can considerMn
as the configuration space for n− 3 anyons on the Riemann sphere with 3-punctures.
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The connection between anyons and Liouville arises also in considering the critically
coupled Abelian Higgs model in (2+1)-dimensions where the space Mn plays a crucial role
in the analysis of the nth topological sector of the theory. Remarkably f = 2Re logφ, with
φ the Higgs field, satisfies the modified (non covariant) Liouville equation
fzz¯ = e
f − 1, (2)
which is the second Bogomol’nyi equation. Notice that the non covariance (the −1 in (2)) is
due to the Higgs mass. In [1] Samols has studied the metric on vortex moduli space in the
Abelian Higgs model. In [2] Manton has proposed a model for anyons which is based on the
structure of such a space. The Lagrangian density of the Abelian Higgs model is
L =
1
2
DµφDµφ−
1
4
FµνF
µν −
1
8
(
|φ|2 − 1
)2
, φ = φ1 + iφ2, (3)
where Dµφ = (∂µ− iAµ)φ, Fµν = ∂µAν − ∂νAµ, and the metric has signature (1,−1,−1). In
the temporal gauge the finiteness of the energy implies that at infinity the Higgs field is a
pure phase. The magnetic flux through R2 is
∫
F12 = 2pin where n is the winding number
labelling the topological sectors of the map |φ| : S1∞ −→ U(1). In the static configuration
A˙i = 0, φ˙ = 0, the energy has the lower bound E ≥ pi|n|. The critical case E = pi|n| arises
when the Bogomol’nyi equations
(D1 + sgn(n)iD2)φ = 0, F12 + sgn(n)
1
2
(
|φ|2 − 1
)
= 0, (4)
are satisfied. It is crucial that in the nth topological sector the space of smooth solutions is a
manifold M˜n of complex dimension n. In particular, each solution is uniquely specified by the
n unordered points {zk} where the Higgs field is zero [3]. The same happens in considering
the Liouville equation for the Poincare´ metric on Riemann surfaces. In particular, due to
the uniqueness of the solution of the Poincare´ metric, to each complex structure of the n-
punctured Riemann sphere (the unordered set of n points) corresponds a solution of the
Liouville equation (see below for details).
Topologically M˜n coincides with Ĉ
n. It is a remarkable fact that the Abelian Higgs model
(almost) provides a smooth metric and U(1) gauge field on M˜n. In particular the kinetic
energy induces the metric
ds2 =
1
2
∫
C
(dφadφa + dAidAi).
The field evolution is described by geodesic motion on M˜n. Notice that this corresponds to
deformation of the complex structure of punctured spheres. The zk’s are good coordinates
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only on the subspace Mn. Good global coordinates on Mn are provided by the coefficients
of the polynomial [4] Pn(z) =
∑n
k=0wkz
k ≡
∏n
k=1(z − zk). We stress that the choice of good
coordinates is a subtle point. Actually, as we will see, instead of working with this kind
of structure it is much more convenient to work with the Weil-Petersson metric. This is
directly related to Liouville theory and Fuchsian groups. This structure is at the origin of
chaotic spectra for anyons.
In [1] Samols introduced the metric ds2 = 1
2
∑n
r,s=1
(
δrs + 2
∂b¯r
∂zs
)
dzrdz¯s on M˜n where the
br’s satisfy the equations
∂br
∂z¯s
=
∂b¯s
∂zr
. (5)
2. Let us denote by H the upper half-plane and with Γ a finitely generated Fuchsian group.
A Riemann surface isomorphic to the quotient H/Γ has the Poincare´ metric gˆ as the unique
metric with scalar curvature Rgˆ = −1 compatible with its complex structure. This implies
the uniqueness of the solution of the Liouville equation on Σ
∂z∂z¯ϕ(z, z¯) =
1
2
eϕ(z,z¯). (6)
Let us consider the punctured Riemann sphere Σ = Ĉ\{z1, . . . , zn}, Ĉ ≡ C ∪ {∞}. The
moduli space of n-punctured spheres is the space of classes of isomorphic Σ’s, that is
Mn = {(z1, . . . , zn) ∈ Ĉ
n|zj 6= zk for j 6= k}/Symm(n)× PSL(2,C), (7)
where Symm(n) acts by permuting {z1, . . . , zn} whereas PSL(2,C) acts by linear fractional
transformations. By PSL(2,C) we can recover the ‘standard normalization’: zn−2 = 0,
zn−1 = 1 and zn =∞. For the classical Liouville tensor T
F = ϕzz − ϕ
2
z/2 we have
T F (z) =
n−1∑
k=1
(
1
2(z − zk)2
+
ck
z − zk
)
, lim
z→∞
T F (z) =
1
2z2
+
cn
z3
+O
(
1
|z|4
)
.
The ck’s, called accessory parameters, are functions on the space
V (n) = {(z1, . . . , zn−3) ∈ C
n−3|zj 6= 0, 1; zj 6= zk, for j 6= k}, (8)
which is a covering of Mn
Mn ∼= V
(n)/Symm(n), (9)
where the action of Symm(n) on V (n) is defined by comparing (7) with (9).
3
The Liouville action on the Riemann spheres with n-punctures
S(n) = lim
r→0
[∫
Σr
(
∂zφ∂z¯φ+ e
φ
)
+ 2pi(nlogr + 2(n− 2)log|logr|)
]
,
Σr = Σ\
(⋃n−1
i=1 {z||z − zi| < r} ∪ {z||z| > r
−1}
)
has the following property [5]
−
1
2pi
∂S
(n)
cl
∂zk
= ck, k = 1, . . . , n− 3, (10)
where the ck’s are the accessory parameters. Since S
(n)
cl is real, eq.(10) yields
∂cj
∂z¯k
= ∂c¯k
∂zj
corresponding to the Samols equations (5). It turns out that [5]
∂cj
∂z¯k
=
1
2pi
〈
∂
∂zj
,
∂
∂zk
〉(n)
, j, k = 1, . . . , n− 3, (11)
where the brackets denote the Weil-Petersson metric on the Teichmu¨ller space Tn projected
onto V (n). Therefore by (10)
ω
(n)
WP =
i
2
∂∂S
(n)
cl = −ipi
n−3∑
j,k=1
∂ck
∂z¯j
dz¯j ∧ dzk, (12)
where ωWP is the Weil-Petersson two-form on V
(n).
3. The symplectic structure above allows us to consider the Poisson bracket relations [7]
{cj , ck}WP = 0, {cj, zk}WP =
i
pi
δjk, (13)
where the brackets are defined with respect to ωWP . These relations suggest performing the
geometric quantization of space Mn. To do this we must define a suitable line bundle. Let
σk,n be the element of Symm(n) interchanging k and n. Let us consider the function [6]
fσk,n =
∏n−3
j 6=k, j=1(zj − zk)
2
(zk(zk − 1))n−4
, k = 1, . . . , n− 3, fσn−2,n =
n−3∏
j=1
z2j , fσn−1,n =
n−3∏
j=1
(zj − 1)
2.
(14)
Extension by the composition fσ1σ2 = (fσ1 ◦ σ2)fσ2 defines a 1-cocycle {fσ}σ∈Symm(n) of
Symm(n) [6]. Let us consider the holomorphic line bundle Ln = V
(n) × C/Symm(n), on
Mn where the action of σ ∈ Symm(n) is defined by (x, z)→ (σx, fσ(x)z), x ∈ V
(n), z ∈ C.
Since exp
(
S
(n)
cl ◦ σ/pi
)
|fσ|
2 = exp
(
S
(n)
cl /pi
)
it follows that exp(S
(n)
cl /pi) is a Hermitian metric
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in the line bundle Ln →Mn. By (10) exp(S
(n)
cl /pi) has connection form −2
∑
i cidzi and, by
(12), curvature two-form −2i
pi
ωWP [6]. The covariant derivatives are
Dk = ∂zk − ∂zk
S
(n)
cl
pi
= ∂zk + 2ck, Dk = ∂z¯k . (15)
In the geometric quantization the Hilbert states are sections of Ln annihilated by ‘half’ of
the derivatives (polarization). The natural choice is
H =
{
ψ ∈ Ln|Dkψ = 0
}
, (16)
with inner product
〈ψ1|ψ2〉 =
1
n!(n− 3)!
∫
Mn
d(WP )e−
S
(n)
cl
pi ψ1ψ2, (17)
where
d(WP ) ≡
(
n−3∧ i
2
∂∂S
(n)
cl
)
, (18)
that by (12) is the Weil-Petersson volume form. An alternative to (18) is to use the volume
form
∧n−3 ω where
ω =
i
2
∂∂ log det
∥∥∥∥∥∥ ∂
2S
(n)
cl
∂z¯j∂zk
∥∥∥∥∥∥ . (19)
However, in general, the correspondence principle can be proved only if the scalar product
is defined with respect to the volume form associated with the Ka¨hler potential [8]. This
means that in our case we must use the Weil-Petersson volume form.
We conclude the discussion on the geometric quantization of Mn by noticing that an
interesting alternative for the polarization choice in the geometric quantization above is
H =
{
ψ˜ ∈ Ln|Dkψ˜ = 0
}
. (20)
In this case the states and the classical Liouville action are related by
∂zkS
(n)
cl = pi∂zk log ψ˜. (21)
4. A crucial aspect that should be further investigated concerns the classical-quantum
interplay arising both in Liouville and anyon theories2. In [9, 10] it has been emphasized that
2Vortices are unlabelled particles not only quantum mechanically but also classically [2].
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the regularization arising at the classical level for the Liouville action is strictly related to the
conformal properties both of quantum and classical (Poincare´ metric) Liouville operators.
The approach considered here makes it possible to define the conformal weight associated
to anyons [10]
∆(q) =
1− q2
2h
, (22)
where q−1 is the ramification index of the anyon (elliptic point). For q = 0 the point is
parabolic (puncture). In this case the geodesic distance between an arbitrary point and an
anyon is infinity in the natural (Poincare´) metric. In other words, if zk is the coordinate of
the anyon (with index q = 0) then
lim
Q→zk
d(P,Q) =∞. (23)
In particular two anyons with q = 0 are infinitely separated! This means that for spin 1/2h,
particles cannot coalesce in the Poincare´ metric (hard-core). This connection between spin
and hard-core resembles the Pauli exclusion principle. Actually this hard-core is encoded in
our approach. The reason is that the Liouville equation on the sphere with the punctures
filled-in has additional terms given by δ-functions at the punctures. These aspects should
be useful in investigating the standard approach to anyon [11].
5. We now consider the energy spectrum of anyons. As we have seen Liouville theory arises
in the framework of negatively curved surfaces. This suggests to consider the Gutzwiller
model [12] for chaos. To see this notice that in the case of one anyon moving on the thrice-
punctured sphere the Hamiltonian (1) reduces to the Laplacian on the Riemann sphere with
punctures fixed at 0, 1 and ∞. Note that fixed puntures may be considered as infinitely
massive anyons. The crucial point is that in this case the Hamiltonian corresponds to the
Laplacian on a Riemann surface of negative curvature. Therefore we can apply the results
in [12] concerning quantum chaos on Riemann surfaces.
This result can be extended to the general situation of multi-anyon spectra. The point
is that moduli space of higher genus (i.e. h ≥ 2) is negatively curved. In particular the
holomorphic sectional curvatures are bounded away from zero by a negative constant [13].
Therefore it seems that the previous result about chaoticity for anyons is a general situtation
which holds for n ≥ 3.
The previous bound on the holomorphic sectional curvature suggests that there is a mass-
gap in the anyon spectra. This is a direct consequence of the infrared properties of negatively
6
curved surfaces. Actually this is the case if one considers one anyon moving on the thrice
punctured sphere. In particular it is well-known that the eigenvalues of the Laplacian have
a gap in the spectrum.
Let us make further remarks on the anyon dynamics. The points is that it depends on
the geodesic (complex) structure. This structure is determined by the position of the anyons
themself, resulting structure is fashinating and highly nontrivial. Actually we can consider
anyons as singularities in the metric with a self gravitational interaction.
Results from the theory of moduli spaces allow to compute the generating function for
the volumes of configuration space of anyons (factorized by the trivial infinity coming form
the PSL(2,C) symmetry). In particular it turns out that the generating function satisfies
the differential equation [14]
g′′ =
g′2t− gg′ + g′t
t(t− g)
, (24)
where
g(t) =
∞∑
k=3
k(k − 2)
(k − 3)!
tk−1
∫
Mk
 i∂∂S(k)cl
2pi2
k−3 , (25)
where “
∫
M3
1”≡ 1
6
.
Another interesting aspect is the connection between Liouville and Higgs. This provides
a way to consider the Higgs model in a 2D gravity framework.
Finally we stress that the relation between Liouville theory and anyons arises also in a
different context (see [15] and references therein).
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